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We present a numerical model that simulates the current-voltage (I-V) characteristics of materials
that exhibit percolation conduction. The model consists of a two dimensional grid of exponentially
different resistors in the presence of an external electric field. We obtained exponentially non-ohmic
I-V characteristics validating earlier analytical predictions and consistent with multiple experimental
observations of the Poole-Frenkel laws in non-crystalline materials. The exponents are linear in
voltage for samples smaller than the correlation length of percolation cluster L, and square root in
voltage for samples larger than L.
I. INTRODUCTION
Non-ohmic conduction in disordered materials can be
described in terms of the percolation theory.1–4 Materials
that exhibit percolation conduction include amorphous,
polycrystalline and doped semiconductors, and granular
metals. According to the percolation theory, the elec-
tric current flows along an infinite conducting cluster
with topology resembling that of waterways formed in
a flooded mountainous terrain.5,6 Each cluster bond con-
sists of L/a 1 exponentially different microscopic non-
ohmic resistors in series, where L is the correlation radius
of the cluster (its mesh size) and a is the linear dimension
of one resistor as illustrated in Fig. 1. The material is
effectively uniform for length scales above L.
An intuitively transparent case of percolation conduc-
tion is presented by a system of thermally activated re-
sistors with resistances Ri = R0 exp(−Wi/kT ). The
activation barriers Wi are random, and the exponents
ξi = Wi/kT vary in a broad interval ∆ξ ≈ ξm  1,
in which their probabilistic distribution ρ(ξ) is approx-
imately uniform.1–4 Here ξm is the upper boundary of
the distribution. Since the number of markedly different
activation energies is of the order of ξm and each cell of
the cluster must include all representative resistors, one
can estimate
L ∼ aξm. (1)
It is customary to describe the non-ohmic resistors by
their field dependent currents Ji(Ei) in the form,
Ji ∝ exp
(
−Wi
kT
)
sinh
(
aeEi
2kT
)
(2)
where k is Boltzmann’s constant, T is the temperature,
e is the electron charge, and E is the field strength. The
term sinh(aeEi/2kT ) in Eq. (2) represents the sum of
currents exp(±aeEi/2kT ) along and against the field as
illustrated in Fig. 2. The activation barriers Wi are
random, and their corresponding exponents ξi = Wi/kT
FIG. 1. A fragment of the infinite cluster (representative of e.
g. a polycrystalline structure) with correlation radius L a.
vary between different resistors in a broad interval ∆ξ 
1, in which their probabilistic distribution ρ(ξ) is approx-
imately uniform.1–4
Because the current in a cluster’s bond must be the
same for all its constituting resistors, i. e. −Wi +
aeEi/2 = const, the voltages Ea across these resis-
tors are distributed non-uniformly, concentrating on the
strongest (highest Wi) resistors, which enhances the non-
ohmicity. The percolation theory predicts the macro-
scopic conductivity of the form
σ(E) = J/E ∝ exp[f(E)], (3)
with
f(E) = C
√
E/(kT ) and C =
√
cqaW0 (4)
where W0 is the characteristic energy scale of the random
potential, a represents its length scale attributable to the
linear dimension of one resistor, and c ∼ 1.
An attempt of numerical modeling3 did not confirm
Eq. (4), which failure could be attributed to that era’s
(1984) computer resources insufficient for modeling a
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2FIG. 2. Sketch of a two-center energy diagram illustrating
the energy barrier and its change under external field E .
large system of non-linear random resistors. In a recent
paper,4 Eq. (4) was derived using an approach different
from that of the original work.2 In addition, it was stated
there that for the case of ‘small’ samples with linear di-
mensions below L, Eq. (4) should be replaced with
f(E) = C ′E/(kT ) and C ′ = aq/2. (5)
Apart from the above outlined theoretical problemat-
ics of transport in disordered systems, Eqs. (4) and (5)
(with different coefficients C and C ′) remained for about
a century on the forefront of condensed matter research
as the renowned Frenkel-Poole laws describing electric
conduction in a broad variety of materials; here, we point
at two reviews7,8 and a few recent of more than hundred
of other publications.9–18
The original derivations of Frenkel-Poole (FP)
laws19–22 assumed the mechanism of field induced de-
crease of the ionization energy of a single Coulomb trap
(Frenkel) or a pair of such (Poole), which is rarely appli-
cable in the range of actual temperatures and fields.7,8,22
Most importantly though remains the fact that FP laws
are not observed in materials where they should be most
applicable, doped crystalline semiconductors, yet they
show up consistently in noncrystalline materials where
the Coulomb centers, if present, should form disordered
arrays.
Based on the latter observation, it is logical to assume
that the disorder and its related percolation conduction
form the natural base for the understanding of FP. Fur-
thermore, validation of the analytically derived Eqs. (4)
and (5) for disordered systems becomes increasingly im-
portant. With that goal in mind, here, we present the
numerical modeling of non-ohmic conduction in a sys-
tem of random resistors described by the current-voltage
characteristics of Eq. (2).
II. MODELING
We are modeling a square 2-D grid of non-ohmic ran-
dom resistors as shown in Fig. 3. Our algorithm de-
scribed next is the same as developed by Levin3 in his
1984 publication which showed only a linear log-current
versus voltage dependence. We are taking advantage of
better computing capabilities that allow us to expand the
size of the grid and the dispersion of the resistances be-
yond Levin’s work. A formal complication with notations
arises because of the 2-D geometry where each node is de-
scribed by two indexes (x and y-coordinates), so that the
inter-node quantities require 4 indexes. For example, Eq.
(2) can be utilized to represent the current between two
nodes (i,j) and (i,j+1) where the voltage drop between
the nodes is:
U i,ji,j+1 = ϕi,j − ϕi,j+1 + Ea. (6)
Here and below, the upper (superscript) and lower (sub-
script) indexes describe the transitions respectively from
and to the nodes.
Along the same lines, we introduce the following nota-
tions:
fi,j = exp
(eϕi,j
2kT
)
, Si,ji,j+1 = exp
(
eEa
2kT
)
,
Si,ji,j−1 = exp
(−eEa
2kT
)
, Si,ji+1,j = S
i,j
i−1,j = 1,
Gi,ji,j+1 = exp
(
−ξi,ji,j+1
)
, ξi,ji,j+1 ≡W i,ji,j+1/kT.
where W i,ji,j+1 is the barrier for a transition from the
node (i, j) to the node (i, j + 1).
Using the above notations, Eq. (2) can be presented
FIG. 3. NxN grid of random resistors, where N is the number
of nodes on each side. The nodes on the side of the grid
depicted on the top of the figure are at voltage V , while the
opposite electrode is taken as the reference electrode.
3in the form,
J i,ji,j+1 =
Gi,ji,j+1
2
(fi,jSi,ji,j+1
fi,j+1
− fi,j+1
Si,ji,j+1fi,j
)
(7)
We note that the conductances are symmetric: Gi,jk,l =
Gk,li,j since from the microscopic point of view they are
related to the height of a single potential barrier sepa-
rating the equivalent (in zero field) potential barrier as
illustrated in Fig. 2. The electric field is a function of the
external voltage: E = (V/Na), and room temperature is
assumed, kT/e ∼ 0.025V .
From Kirchhoff’s first law, the algebraic sum of the
currents on each node equals zero. Using Eq. (7) and
the above given substitutions, we obtain the following
expression:
fi,j =
[
∑
k,l
Gi,jk,lfk,l/S
i,j
k,l

(∑
k
Gi,jk,lS
i,j
k,l/fk,l
)]1/2 (8)
where the summation over k, l involves the 4 neighbors
nearest to (i, j) node (except for i = 1 and i = N , where
only 3 neighbors have to be considered.
The random system of resistors was introduced by gen-
erating random quantities ξi,ji,j+1 in the interval (0, ξm)
where ξm  1. Our initial approximation was that
ϕi,j = 0 except ϕi,j related to the nodes on the left and
right electrodes that remain at voltages V and 0 respec-
tively. Eq. (8) was used to iterate the quantities fi,j .
At the end of each iteration, the total current I(V )
was calculated as a sum of all currents determined by
Eq. (7) through a cross-section perpendicular to the di-
rection of the electric field. Our initial convergence crite-
rion which required that two successive iterations led to a
percent error less than 0.2 percent3 was not sufficient to
guarantee the electric charge conservation. We therefore
implemented the convergence criterion
∆ =
 1
N2
∑
i,j
(∑
k,l J
i,j
k,l
)
∑
k,l
(
J i,jk,l
)2

1/2
(9)
where, similar to Eq. (8), the summation over k, l in-
volves the 4 neighbors nearest to (i, j) node. The quan-
tity ∆ represents the relative rms of the currents and
the criterion of convergence guaranteeing that Eq. (8) is
solved with sufficient accuracy δ requires ∆ <∼ δ. Some
details of our programming are explained in the Ap-
pendix in terms of the principal pseudocode. The pseu-
docode in its entirety can be found in the Supplementary
material while the pseudocode conventions are covered in
reference [26].
FIG. 4. Current-Voltage characteristics for small grids with
ξm = 10. The solid lines represent a straight line fit.
III. MODELING RESULTS
Our modeling was performed concurrently with MAT-
LAB (R2019b) and Python (3.7) platforms, both leading
to the same results. We obtained a series of current-
voltage characteristics for NxN 2-D grids with a range of
N between 5 and 120 and the disorder parameter ξm in
the range between ξm = 1 to ξm = 20. The convergence
times for the code were increasing exponentially as N
and/or ξm increased as shown in table I.
For definiteness we present our findings here for the
case of ξm = 10. According to Eq. (1) a cell of the infinite
percolation cluster will encompass roughly a 10x10 nodes
fragment of our structure in Fig. 3. We then discriminate
between small N × N systems with N < 10 and large
N ×N systems with N  10. More specifically we chose
FIG. 5. Current-Voltage characteristics for a system with
ξm = 10. The solid lines represent a square root fit.
4FIG. 6. Electric current distributions in two nominally iden-
tical small (5x5) grids with different disorder configurations
(seeds) between two vertical electrodes. The currents are pre-
sented in relative units.
FIG. 7. The statistics of logarithms of currents for 50 random
small (5x5) grids with ξm = 10 and kT = 0.025 eV under
voltages V = 0.1 V (left) and V = 1 V (right). The lines
represent fits by the normal distributions.
N = 5 and N ∼ 100 to represent our findings about
the current flow and statistics in small and large systems
respectively. We observed that:
1. For grids that range approximately between N =
FIG. 8. Percolation current pathways in a large (120x120)
grid for ξm = 10 and V = 10 V forming a random mesh
topology. Rare black domains represent reverse currents. The
currents are presented in relative units
TABLE I. Examples of computational convergence times -
using MATLAB- for various grid sizes and different values of
the parameter ξm.
N (nodes) t (s) for ξm = 10 t(s) for ξm = 20
10 0.9-2.5 a 0.3-3.9
40 25-29 1725-2171
70 194-277 failed b
100 184-192 failed
a The given ranges represent convergence times for three different
seeds. The computations were made using an Intel(R)
Core(TM) i7-8700 CPU @ 3.2 GHz, 12.0 GB with a Windows
10 operating system.
b The designation failed refers to a lack of obtaining the first
value of the current after a period of 30 minutes.
10 and N = 30 the dependence of ln I vs. V is best
fit by a linear function as shown in Fig. 4 for the
case of ξm = 10.
2. Higher orders of N produced a ‘square root’ depen-
dence ln I = const+
√
V illustrated in Fig. 5.
3. In the intermediate range of N ≈ 40 to N ≈ 70
both the quality of either linear or square root fits
are less perfect than in the examples of Figs. 4
and 5. In general, the transition between the linear
and the square root dependence is not sharp, and
occurs over a range of sizes.
4. There are statistical outliers in the above trends
(i.e. the N = 100 characteristic shown in Fig. 5).
The general trends remain the same for a range of
ξm between 1-10.
5. The percolation conduction pathways appear to be
close to rectilinear (‘pinholes’) in small grids with
linear dimensions below the correlation length L.
Their particular configurations vary between nomi-
nally identical random samples as illustrated in Fig.
6.
6. The statistics of currents in small grids can be sat-
isfactory fit by the log-normal distributions as il-
lustrated in Fig. 7.
7. As illustrated in Fig. 8, the observed topology
of conducting pathways in large grids with linear
dimensions well above L resembles random mesh
and agrees with the standard images of percola-
tion clusters.5,6 The currents in nominally identical
large grids with different disorder configurations are
close to each other to the accuracy of∼ 10 %, again,
in agreement with the known results for percolation
conduction.
5FIG. 9. Cross-sections of the current flow presented in Fig. 8
for the cases of V = 1 V and V = 10 V voltages normalized
to their respective maximum values. The horizontal straight
line represents our assigned level 0.5 of significance for peak
counting as described in the text.
IV. DISCUSSION
We start our discussion with noting that the modeled
very significant current increase (say, by ∼ 13 orders
of magnitude between 1 and 10 V voltages in Fig. 4)
can hardly be observed experimentally. That discrep-
ancy may be due to the fact that our modeling ignores
Joule heat effects concentrating solely on the percolation
aspects.
Considering the rectilinear type of conductive pathway
topology in Fig. 6, we note that it is consistent with the
predictions of a more general analysis of transmittancy
fluctuations in nonuniform barriers.24 The physics of it
is that when the number of random resistors is relatively
small, there is a significant probability that a few of them
form a low resistance rectilinear path between the elec-
trodes. Statistical variations between the resistances of
such small systems are very significant and can exceed
its average value as illustrated in Fig. 7.
As the grid size increases, the probability of such paths
exponentially decreases. Therefore, more complex wind-
ing paths forming a maze-like percolation cluster domi-
nate the conduction. For sizes mush greater than the cor-
relation length, the system becomes effectively uniform
and variations of resistances between nominally identical
large systems become relatively small.1
Fig. 9 shows the distributions of horizontal (along the
field lines) currents for two voltages arbitrarily taken at
X = 40 in Fig. 6. These distributions are presented in
the form normalized to their respective maximum values
at Y = 108 in Fig. 9 (before such a normalization, the
current for 1 V is exponentially smaller than that of 10
V.) The two distributions turn out to be statistically cor-
related, with correlation coefficient in the range of 80-85
% for different cross-sections. However, the number of
significant peaks is noticeably larger for the V = 10 V
data. For example, arbitrarily taking the significance cri-
terion as I = Imax/2 for each of the two voltages yields
the numbers of such peaks 17 for the 10 V data and 5
for the 1 V data. Therefore, the current cross-section
graphs in Fig. 9 show, in agreement with the analytical
predictions,2,4 that the mesh size L (evaluated from the
average distance between the current spikes) decreases
with voltage.
We note that the details of the current cross-sections
and the numbers of significant peaks counted vary be-
tween different locations. In this study we did not col-
lect a sufficient statistics to quantitatively confirm the
analytical prediction that L ∝ 1/√V .
Taken along with the above mentioned correlation be-
tween the two current cross-sections in Fig. 9, our data
imply that some of the conductive pathways that did not
belong to the infinite cluster at lower voltages (1V), be-
come its part as the voltage increases (to 10 V).
V. CONCLUSIONS
We have developed a numerical model of non-ohmic
percolation conduction explaining the Poole-Frenkel laws
observed in a great variety of materials. We would like
to mention several extensions of our model.
While our algorithm assumes an infinite grid of resis-
tors connecting two electrodes, it also sets a base for the
placement of multiple electrodes, of interest in studying
neuromorphic applications of percolation conduction.
Adding the displacement currents (i. e. capacitive
properties) our modeling will allow to study frequency
dependent and pulse percolation, of interest for deploy-
ing the percolation conduction as a base for reservoir
computing.25
Our modeling allows to introduce the algorithm of non-
volatile resistance changes in microscopic resistors of the
grid (plasticity), which will extend its applicability over
multi-valued memory applications.
Finally, taking into account the Joule heat generation
and its feedback on the current voltage characteristics
can have a significant effect on the macroscopic properties
of percolation conduction, also possible with a proper
extension of our modeling.
6APPENDIX
PERCOLATION-SIMULATOR(N, ξ)
in: N is the number of resistors in a row or column for an N − by −N grid of resistors
(N ≥ 4); ξ is the largest possible number for randomly generated conductance
values, such that ∼ 10 ≤ ξ ≤∼ 20 and ξ exists in the set of natural numbers
out: returns the one-dimensional array I, which contains the natural log of the total current
for each value of the external volatage in the sequence < 1, 2, ,m >
constant: the maximum voltage to calculate current for m = 10; the middle node of
grid for calculating the average current density, n = dN/2e; the convergence
criterion for δ, e = 0.001 ·N
local: G is the N2 − by −N2 conductance matrix, setup as a two-dimensional array, where
each element is base-e raised to the negative of a random number that exists in
the set of rational numbers, between 0 - ξ; F is the N − by −N matrix that represents
the exponentials of the nodal voltages, with voltage normalized in units of 2kT/e;
w, x, and y are the exponentials of the field components in the negative-x,
positive-x, and y directions respectively, with the field normalized in units of
2kT/(ea); δ is the relative current root-mean-square and must converge to a value
less then e before calculating Iν−1
1.|G| ← |N2 ·N2| //Reserve space for G, an N2xN2 matrix, as a 2D array.
2.G← CALCULATE-CONDUCTANCE(N2, ξ)
3.|I| ← |m| //Reserve space to store current for voltages < 1, 2, ,m >
4.for ν ← 1...m do //For each voltage in sequence < 1, 2,m > calculate Iν−1
5. w ← exp((−1 · v)/(0.05 ·N)) //Calculate exponential of negative-x field component
6. x← exp(v/(0.05 ·N)) //Calculate exponential of the positive-x field component
7. y ← 1 //Calculate exponential of the y field component
8. δ ← 100 //Set delta to an arbitrarily high value such that δ > e
9. |F | ← |N ·N | //Reserve space for F , an NxN matrix, as a 2D array
10. for i← 0(N1) do //Initialize first column of F
11. Fi,0 ← exp(v/0.05) //Fi,0 = exp(eV/2kT) where 2KT/e at room temp, ∼ 0.05
12. end for
13. for i← 0(N1) do //Initialize the rest of the elements in F to exp(0)=1
14. for j ← 0(N1) do
15. Fi,j ← 1 //Last column will always retain value 1 because
16. end for //potential will always be 0
17. end for
18. while δ > e //Keep recalculating F and δ, until δ converges
19. F ← CALCULATE-F(G,N,F,w, x, y)
20. δ ← CALCULATE-DELTA (G,N,F, x, y)
21. end while
22. // After calculating each nodal voltage in terms of the nodal voltage (F ), we now find the
23. // total current through a cross section of the grid, between column n and column (n+ 1)
24. for i← 0N − 1 do //Calculate current Iν−1
25. a← singleIndex(i, n, (N,N)) // Get single index using F s dimensions, NxN
26. b← singleIndex(i, n+ 1, (N,N))
27. s← (Fi,n · exp(v/(0.05 ·N)))/Fi,n+1 //First term needed to calculate Iν−1
28. t← (Fi,n+1/Fi,n · exp(v/(0.05 ·N))) //Second term needed to calculate Iν−1
29. Iν−1 ← Iν−1 +Ga,b · (s− t)
30. end for
731. Iν−1 ← ln(Iν−1/2)
32.end for
33.return I
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